In [4] , Schmid proved that if G is a regular p-group and N a nontrivial normal subgroup of G such that Q = G/N is not cyclic, then H n (Q , Z (N)) = 0 for all n. This result implies that if G is a
non-abelian regular p-group, then H n (G/Φ(G), Z (Φ(G))) = 0 for all integers n, where Φ(G) denotes the Frattini subgroup of G.
Schmid [4, p. 3] proposed the following question (see also [8 Later, Schmid [5, p. 363] has announced that the existence of (non-regular) p-groups G such that
Z (Φ(G)) is a cohomologically trivial
G Φ(G) -module was shown in [2] . But we noticed that all groups considered in [2] are finite p-groups of class 4 with p = 2, 3, so these groups are all finite regular p-groups and these groups cannot be candidates for Schmid's Question 1.1. This latter has been kindly confirmed by Schmid [6] . The first main result of the present paper is to give the positive answer to Question 1.1, i.e., the existence of an NS-group. Actually we determine the minimum order of an NS-group. These groups are of order 2 8 and the class of such groups which we have found is 4. We also study the existence of NS-groups of class less than 4.
In [1, Question 1.2] we asked for conditions under which the pairs (G, N) are Schmid ones. It is shown in [1] that (G, N) is a Schmid pair whenever G satisfies one of the following properties:
(1) G is of nilpotency class 2 and G/N is not cyclic. (2) p is odd, G is of nilpotency class 3 and G/N is not cyclic. Here we find some further conditions under which (G, N) is a Schmid pair. We denote by A Q the submodule {a ∈ A | a x = a for all x ∈ Q } of fixed points under Q . The trace map a → a x∈Q x of A is written as τ = τ Q , and its image will be denoted by A τ . In dealing with the Tate cohomology, by dimension-shifting it is often enough to consider the situation in dimension 0. 
NS-groups of class 3
In this section, we study the structure of possible NS-groups of class 3. By [1, Theorem 3.6], every p-group of class 2 is an S-group and all p-groups of class 3 are also S-groups whenever p > 2.
Therefore it follows from Proposition 2.2 that the minimum nilpotency class for an NS-group is 3 or 4 and if 3 happens the group must be a 2-group. Hence we will mainly study the existence of possible NS-2-groups of class 3. Everywhere we were able, we studied the pair (G, N) , where G is a finite p-group of class 3 and N is a normal subgroup of G such that G/N is non-cyclic and Z (N) is cohomologically trivial G/N-module. The same argument shows that such a pair may only exist for 2-groups G of class 3. We need the following result due to Schmid [4] . On the other hand, since x On the other hand, since x
Hence 
Now it follows from Lemma 3.4 that for any element a ∈ A there exists an element
Thus by Proposition 3.1 we have that [4, Corollary] (1) G is nilpotent of class exactly 3. We end the paper with the following problem: Problem 3.10. Does there exist an NS-2-group of class 3?
